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We show that thermal vibrational interactions can be harnessed within resonance fluorescence
to generate optical states with a higher degree of quadrature squeezing than in isolated atomic
systems. These vibrational environments arise naturally, for instance, in solid-state and molecular
emitters, and we consider the illustrative example of a driven quantum dot coupled to phonons. We
demonstrate that it is feasible to surpass the maximum level of squeezing theoretically obtainable
in an atomic system that lacks such vibrational interactions, and indeed come close to saturating
the fundamental upper bound on squeezing from a two-level emitter. We analyse the performance
of these vibrationally enhanced squeezed states in a phase estimation protocol, finding that for the
same photon flux, they can outperform the single mode squeezed vacuum state.
Quadrature squeezed light has been identified as an
important resource for continuous variable quantum in-
formation applications [1–6]. By reducing the variance of
the electric field with respect to some phase below that
of the vacuum, squeezed states can be used to increase
accuracy in interferometric measurements for metrology
applications [7], for secret encodings in quantum key dis-
tribution [5, 8, 9], and are an essential resource in con-
tinuous variable quantum computing schemes [4, 6]. Ex-
perimentally, squeezed states of light can be produced by
a number of different methods [10], and a wide range of
classes have been explored theoretically. These include
the canonical Gaussian squeezed coherent states, as well
as various non-Gaussian squeezed states obtained for ex-
ample via photon addition or subtraction, or construct-
ing superpositions of Gaussian coherent states [11]. To
date, the record level of squeezing has been achieved in a
squeezed vacuum state using an optical parametric am-
plifier [12]. We note, however, that the level of squeezing
is not the only consideration for applications [13].
In 1981 Walls and Zoller [14] investigated an intriguing
source of non-Gaussian quadrature squeezing, which is
generated in the multimode resonance fluorescence field
of a driven two-level emitter (TLE), where the emit-
ted photons are antibunched [15, 16]. This was re-
cently demonstrated experimentally using a semiconduc-
tor quantum dot platform [12], which offers the neces-
sary high photon collection efficiency unobtainable in
most atomic approaches [18–20]. The TLE scheme re-
lies on the build-up of steady-state coherence between the
ground and excited state, i.e. a state of the form |g〉+c |e〉
with some appreciable c [14]. This coherence, as well as
the saturability of the emitter (which leads to antibunch-
ing) are inherited by the field, and together these proper-
ties give rise to photon statistics which amount to squeez-
ing of a particular field quadrature. In the standard
regime of atomic resonance fluorescence only a restricted
set atomic coherences (values of c) can be explored, and
squeezing is achievable only in the weak-driving Rayleigh
(equivalently Heitler) limit [19–26], with squeezing values
considerably smaller than the fundamental bound for a
two-level system [27–30]. Furthermore, it has yet to be
explored what applications might make use of states pro-
duced in this way, and whether they offer any advantages
over the more commonly studied single mode squeezed
coherent states.
In this work we establish how to generate quadra-
ture squeezed states at stronger driving above satura-
tion, resulting in levels of squeezing that can surpass the
(atomic) Walls and Zoller maximum. Our approach har-
nesses the vibrational environment commonly present in
solid-state and molecular emitters to access states other-
wise unreachable in conventional resonance fluorescence.
In particular, we exploit thermalisation processes within
the driving-induced dressed state basis to obtain a non-
equilibrium steady-state with significant coherence above
saturation [22], where it would usually be strongly sup-
pressed. Moreover, we analyse the performance of these
resonance fluorescence states in a simple phase estima-
tion protocol, finding that they are able to outperform
the single mode squeezed vacuum state, and that this
is only achievable with the vibrational interactions in-
cluded. As a concrete example, we illustrate this be-
haviour through a microscopic model of a driven semi-
conductor quantum dot coupled to a phonon environ-
ment [31–34]. We show that off-resonant driving can be
used to access levels of squeezing close to the fundamental
upper bound for a two-level system, beyond those possi-
ble in the Rayleigh scattering limit below saturation (and
hence any parameters for which the vibrational environ-
ment is absent). We thus identify a scenario in which
vibrational processes in solid-state emitters can be used
to generate squeezed states and enhance phase sensitivity
in a way not possible in their absence.
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Squeezing in atomic resonance fluorescence. Let
us begin by introducing the basics of squeezing, and
how it can arise in the field produced by a TLE in
the standard setting without any additional vibrational
environment [14]. The electric field quadrature rela-
tive to a phase reference ϕ is defined as E(t, ϕ) =
eiϕE(+)(t) + e−iϕE(−)(t) with E(+)(t) the positive fre-
quency component of the electric field, and the quadra-
ture variance is ∆E(t, ϕ)2 = 〈E(t, ϕ)2〉−〈E(t, ϕ)〉2. The
Heisenberg uncertainty relation bounds the variances in
two out of phase quadratures via ∆E(t, ϕ)∆E(t, ϕ +
pi/2) ≥ 12 |〈[E(t, ϕ), E(t, ϕ + pi/2)]〉|. We say that a
state of the field is a minimal uncertainty state when the
bound is saturated, and the field is said to be squeezed
if there is a quadrature that satisfies ∆E(t, ϕ)2 <
1
2 |〈[E(t, ϕ), E(t, ϕ + pi/2)]〉|. When considering emission
from a TLE within the dipole approximation and the far
field limit, the field may be written in the Heisenberg
picture E(+)(t) = E0(t)−
√
2Γ/piσ(t) [13, 35]. The first
term describes the field in the absence of the TLE, which
we assume to be in the vacuum state. The second term
describes the TLE emission, where the dipole operator is
σ = |g〉〈e| with the ground state |g〉 and excited state |e〉,
and Γ is the spontaneous emission rate. The uncertainty
relation for the field in the steady state can be written in
terms of the TLE quadrature, X(ϕ) = eiϕσ+ e−iϕσ†, as
∆X(ϕ)∆X(ϕ+ pi/2) ≥ |〈2σ†σ − 1 〉|, (1)
where expectation values are taken in the long time limit.
For the TLE quadrature we have ∆X(ϕ)2 = 1−〈X(ϕ)〉2,
showing that the quadrature with the smallest fluc-
tuations is that with the greatest expectation value,
meaning that any squeezing can therefore be thought
of as amplitude squeezing. Without loss of general-
ity we can write 〈σ〉 = |〈σ〉|e−iφ, from which we find
〈X(ϕ)〉2 = 4|〈σ〉|2 cos2(φ − ϕ), and we see that the
quadratures with the lowest and largest variances have
〈X(ϕ = φ)〉2 = 4|〈σ〉|2 and 〈X(ϕ = φ + pi/2)〉2 = 0 re-
spectively. The squeezing condition becomes equivalent
to :∆X(φ)2: < 0, where we define the normally ordered
quantity :∆X(φ)2: = ∆X(φ)2−|〈2σ†σ−1〉|. The angle φ
that defines the minimum uncertainty quadrature is the
phase of the TLE dipole, which depends on the detun-
ing of the driving laser from the transition energy, and is
discussed further below.
Before we determine the conditions under which
squeezing occurs, it is instructive to establish a rela-
tionship between the quadrature variance and quanti-
ties more commonly used in studies of resonance flu-
orescence: namely the power, the coherent scattering,
and antibunching. To do so we recall that the steady-
state spectrum of resonance fluorescence from a TLE
is proportional to I(ω) = 1piRe
∫∞
0
dτg(1)(τ)e−iωτ , with
g(1)(τ) = 〈σ†(τ)σ〉 the first order field correlation func-
tion. The coherent contribution is separated by writ-
ing I(ω) = Icoh(ω) + Iinc(ω) where Icoh(ω) = g
(1)
cohδ(ω)
and Iinc =
1
piRe
∫∞
0
dτ [g(1)(τ) − g(1)coh]e−iωτ , with g(1)coh =
limτ→∞ g(1)(τ) = |〈σ〉|2 [21–24]. The total radiated
power can be similarly separated into coherent and inco-
herent contributions, giving P =
∫∞
−∞ dωI(ω) = 〈σ†σ〉 =
Pcoh +Pinc with Pcoh = |〈σ〉|2 ≤ P . We note that defined
in this way, these are dimensionless power contributions
satisfying 0 ≤ P ≤ 1 and 0 ≤ Pcoh ≤ 0.25. In terms of
these power contributions the quadrature with the min-
imum variance has
:∆X(φ)2: = 1− |2P − 1| − 4Pcoh, (2)
showing that squeezing only occurs when Pcoh is appre-
ciable, and the total power P takes on values chose to 0
or 1. Finally, we note that the antibunching behaviour is
captured by the probability to simultaneously detect two
photons g(2)(0) = 〈(σ†)2σ2〉. For a TLE σ2 = 0, leading
to g(2)(0) = 0 regardless of the parameter regime.
For a TLE without additional vibrational interactions,
the effectively flat frequency spectrum of the electro-
magnetic environment restricts the magnitude of the to-
tal and coherently scattered power, which in turn lim-
its the level of squeezing. To see this, we consider a
TLE described by a density operator ρ driven by a co-
herent source with Rabi frequency Ω and laser–TLE de-
tuning δ, for which a zero temperature master equation
can be written within a rotating frame and the rotating
wave approximation as ρ˙ = −(i/~) [HS , ρ]+ΓLσ[ρ]. Here
HS = ~δσ†σ + ~2 (σΩ + σ
†Ω∗), and the emission dissipa-
tor is Lσ[ρ] = σρσ† − (1/2){σ†σ, ρ}, whose driving and
detuning independent form is a consequence of the flat
spectrum assumption. Solving the master equation in the
steady state, i.e. when ρ˙ = 0, we find P = S/(2(S + 1))
and Pcoh = P/(S + 1), leading to
:∆X(φ)2: =
S(S − 1)
(S + 1)2 , (3)
where we have defined the saturation parameter
S = s/(1 + d) in terms of a dimensionless driving
s = 2(Ω/Γ)2 and detuning d = 4(δ/Γ)2. The squeezing
is greatest when Eq. (3) is minimised, which occurs
for S = 1/3, at which point P = 1/8, Pcoh = 3/32,
and :∆X(φ)2: = −0.125 [14]. This represents the
theoretical maximum squeezing obtainable in resonance
fluorescence for a TLE undergoing spontaneous emission
into an unstructured environment [14]. Furthermore,
the Heisenberg uncertainty relation in Eq. (1) in this
simple case becomes
√S2 + 1 ≥ 1, which is saturated
only when the TLE is undriven and S = 0, and we
therefore conclude that although the emitted field is
squeezed when S = 1/3 (√S2 + 1 ≈ 1.05), it is close to,
but not in a minimal uncertainty state.
Vibrational enhancement of squeezing. As has
been previously noted [27–30], the squeezed state
obtained for a simple TLE as described above is not
optimal, and is a consequence of the limited set of states
available in this simple model. To verify this, we con-
3sider a TLE described by a completely generic density
operator, i.e. one that is not necessarily a solution to the
simple master equation above. Explicitly, we write
ρ =
1
2
(
1 + l
[
cos θ(2σ†σ − 1 ) + sin θX(φ)]), (4)
parameterised by a Bloch vector length 0 ≤ l ≤ 1, po-
lar angle 0 ≤ θ ≤ pi and dipole phase 0 ≤ φ ≤ 2pi.
We can then express the total power as P = 〈σ†σ〉 =
(1/2)(1 + l cos θ) and the coherently scattered power as
Pcoh = |〈σ〉|2 = (1/4)l2 sin2 θ. These expressions repre-
sent a less restricted set of values for the power contri-
butions than before, and minimising Eq. (2) now gives
l = 1, and θ = pi/3 (Pcoh = 3/16, P = 3/4) or
θ = 2pi/3 (Pcoh = 3/16, P = 1/4), both of which re-
sult in :∆X(φ)2: = −0.25. This is the true maximum
level of squeezing obtainable from a TLE, and is limited
only by the two level nature of the system [27–30]. More-
over, the uncertainty relation of Eq. (1) now reduces to√
1− l2 sin2 θ ≥ |l cos θ|. This is saturated for all θ when
l = 1, for which ρ describes a pure state, verifying that
the states with maximum squeezing have minimum un-
certainty. More generally we see that the Bloch vector
length l can be used to parameterise how close a state is
to minimum uncertainty.
How, then, can we obtain such a state within resonance
fluorescence? We shall now show that naturally occur-
ring vibrational interactions in, for example, solid-state
and molecular systems can help to drive a TLE into such
a state, resulting in a level of squeezing close to the max-
imum value of :∆X(φ)2: = −0.25, and certainly greater
than the value of :∆X(φ)2: = −0.125 obtainable in their
absence. This can be understood qualitatively by con-
sidering equilibration of our system with respect to the
additional vibrational environment. The density opera-
tor for a TLE driven according to the Hamiltonian HS
defined previously, but now reaching thermal equilibrium
due to some additional reservoir, can be written as the
thermal state
ρth =
e−βHS
Tr(e−βHS )
, (5)
where β = 1/kBT is the inverse temperature. After per-
forming the necessary exponentiation, we see that ρth can
be written in the general form shown in Eq. (4), with the
Bloch vector parameters given by l = lth = tanh(~βη/2)
with η =
√
δ2 + Ω2, θ = arctan(Ω/δ) and φ = arg(Ω).
As such, we see that for suitable choices of the adjustable
Hamiltonian parameters Ω and δ, we can satisfy the con-
ditions above which lead to maximum squeezing. Explic-
itly, we find
:∆X(φ)2: = 1− |δ|
η
lth − |Ω|
2
η2
l2th, (6)
and if we choose δ = ±Ω/√3, a minimal uncertainty
state with the maximum squeezing of :∆X(φ)2: = −0.25
is achieved in the low temperature limit (~βη → ∞,
lth → 1), while the quadrature displaying this squeezing
can be chosen by adjusting the phase of Ω. We emphasise
that these states are achieved in the steady-state, and as
such persist for as long as the driving and temperature
conditions stay fixed.
Squeezing from a driven quantum dot. We now
explore the vibrational enhancement of squeezing in
greater detail, and analyse the limitations of the simple
argument given above. To do so we consider the
example of a semiconductor quantum dot (QD) as
a solid-state TLE with ground state |g〉 and excited
state |e〉 describing a single exciton of energy ~ω0.
The QD is driven by a semiclassical monochromatic
laser. Within a frame rotating with respect to the
laser frequency and after applying the rotating wave
approximation the system Hamiltonian may be written
as HS = ~δσ†σ + ~2 (σΩ + σ
†Ω∗), as before. The
QD couples to both vibrational and electromagnetic
environments, with each steering the system towards
competing equilibrium states. We make use of a varia-
tional master equation technique which allows regimes
of strong QD–phonon coupling and laser driving to be
explored within a robust formalism [22, 24, 37]. Full
details of our model can be found in Methods and the
supplementary information. The result is a master
equation describing the QD excitonic degrees of freedom
of the form ρ˙V = −(i/~) [Hr, ρV ] + Kph[ρV ] + ΓLσ[ρV ],
where ρV is the reduced density operator of the QD in
the variational frame and Hr = ~δrσ†σ+ ~2 (σΩr+σ
†Ω∗r).
Coupling to phonons is accounted for in the renormalised
detuning δr and driving Ωr, together with the phonon
dissipator Kph. The form of this dissipator is somewhat
complicated as it includes various phonon assisted
relaxation and dephasing processes, the magnitudes of
which depend on the phonon spectral density, which
is a measure of the electron-phonon coupling strength
weighted by the phonon density of states. We note that
in the long-time limit the effect of the phonon dissipator
is to tend the QD exciton towards thermal equilibrium
with respect to the dressed eigenstates of Hr, while the
spontaneous emission term ΓLσ[ρV ] acts to move the
system towards the ground state.
Having outlined our model, in Fig. 1 we show the di-
mensionless total power P and the coherently scattered
power Pcoh as functions of the dimensionless driving s
and the detuning δ, both including [a) and c)] and ex-
cluding [b) and d)] phonons as indicated [38]. As noted
for resonant driving in Ref. [22], plot c) shows that in
the presence of phonons we obtain a significant coherent
scattering power when driving above saturation, which
we here find extends across a broad range of detunings as
well. As expected, this occurs as a result of the phonons
attempting to thermalise the QD exciton in the dressed
state basis, which at low temperatures and strong fields
leads to sustained steady-state coherence. At very high
driving strengths the coherent scattering falls off, as here
the Rabi frequency exceeds the extent of the phonon
4spectral density leading to a regime in which the exci-
ton and phonons are effectively decoupled [37, 39].
Looking at the cases without phonons in Figs. 1 b)
and d), we see that for all detunings the behaviour of
the power contributions with increasing driving strength
appears functionally the same, though with their max-
ima occurring at different driving strengths. This was
seen in Eq. (3), which shows that the power contribu-
tions and quadrature variance depend only on the gen-
eralised saturation parameter S(δ). When phonons are
included, however, the situation appears more complex.
On or near resonance for weak to moderate driving, the
excitonic system is dominated by the spontaneous emis-
sion processes as it samples the phonon spectral density
at the small generalised Rabi frequency
√
Ω2r + δ
2
r . The
power contributions, and hence the quadrature variance,
are then similar to that of an atomic system with no
phonon coupling. This can be seen in Fig. 2 a), where
the quadrature variance is shown as a function of the
saturation parameter on resonance, δ = 0, calculated
with (solid curve) and without (dotted curve) phonons
included. We see that :∆X(φ)2: has a minimum for
S(0) = s = 1/3, in accordance with Eq. (3). This is the
regime explored experimentally in Ref. [12]. Although
the phonons are not playing a qualitatively significant
role here, we do see that the minimum of :∆X(φ)2: is
slightly higher with them included. This can be at-
tributed to the phonon sideband present in the QD emis-
sion spectrum, which acts to reduce the coherently scat-
tered power below the level expected without phonons,
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s
=
2(
⌦
/
 
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
s
=
2(
⌦
/
 
)2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
0.1 1. 10. 0.1 1. 10. 0.1 1. 10.
-0.25
-0.125
0
0.125a) c)b)
S(0)
<latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit><latexit sha1_base64="(null) ">(null)</latexit>
S( )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
S( )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
0.1 1. 10. 0.1 1. 10. 0.1 1. 10.
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:
<latexit sha1_base64="4SEYggwNb12cxgEunyejpzw3QAE=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNhODEJuwGwQ1VUALywjmAdk1zE5mkyGzD2buCmFJ46/YWChi62fY+TdOki008cCFwzn3cu89Xiy4Asv6NnIrq2vrG/nNwtb2zu6euX/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXU/99iOTikfhPYxj5gZkEHKfUwJa6plHNafo3DABBHfKTjzkZw9Vp4hrPbNkVawZ8DKxM1JCGRo988vpRzQJWAhUEKW6thWDmxIJnAo2KTiJYjGhIzJgXU1DEjDlprMHJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif103Av3RTHsYJsJDOF/mJwBDhaRq4zyWjIMaaECq5vhXTIZGEgs6soEOwF19eJq1qxbYq9t15qX6VxZFHx+gElZGNLlAd3aIGaiKKJugZvaI348l4Md6Nj3lrzshmDtEfGJ8/bSGUUg==</latexit><latexit sha1_base64="4SEYggwNb12cxgEunyejpzw3QAE=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNhODEJuwGwQ1VUALywjmAdk1zE5mkyGzD2buCmFJ46/YWChi62fY+TdOki008cCFwzn3cu89Xiy4Asv6NnIrq2vrG/nNwtb2zu6euX/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXU/99iOTikfhPYxj5gZkEHKfUwJa6plHNafo3DABBHfKTjzkZw9Vp4hrPbNkVawZ8DKxM1JCGRo988vpRzQJWAhUEKW6thWDmxIJnAo2KTiJYjGhIzJgXU1DEjDlprMHJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif103Av3RTHsYJsJDOF/mJwBDhaRq4zyWjIMaaECq5vhXTIZGEgs6soEOwF19eJq1qxbYq9t15qX6VxZFHx+gElZGNLlAd3aIGaiKKJugZvaI348l4Md6Nj3lrzshmDtEfGJ8/bSGUUg==</latexit><latexit sha1_base64="4SEYggwNb12cxgEunyejpzw3QAE=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNhODEJuwGwQ1VUALywjmAdk1zE5mkyGzD2buCmFJ46/YWChi62fY+TdOki008cCFwzn3cu89Xiy4Asv6NnIrq2vrG/nNwtb2zu6euX/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXU/99iOTikfhPYxj5gZkEHKfUwJa6plHNafo3DABBHfKTjzkZw9Vp4hrPbNkVawZ8DKxM1JCGRo988vpRzQJWAhUEKW6thWDmxIJnAo2KTiJYjGhIzJgXU1DEjDlprMHJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif103Av3RTHsYJsJDOF/mJwBDhaRq4zyWjIMaaECq5vhXTIZGEgs6soEOwF19eJq1qxbYq9t15qX6VxZFHx+gElZGNLlAd3aIGaiKKJugZvaI348l4Md6Nj3lrzshmDtEfGJ8/bSGUUg==</latexit><latexit sha1_base64="4SEYggwNb12cxgEunyejpzw3QAE=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNhODEJuwGwQ1VUALywjmAdk1zE5mkyGzD2buCmFJ46/YWChi62fY+TdOki008cCFwzn3cu89Xiy4Asv6NnIrq2vrG/nNwtb2zu6euX/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXU/99iOTikfhPYxj5gZkEHKfUwJa6plHNafo3DABBHfKTjzkZw9Vp4hrPbNkVawZ8DKxM1JCGRo988vpRzQJWAhUEKW6thWDmxIJnAo2KTiJYjGhIzJgXU1DEjDlprMHJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif103Av3RTHsYJsJDOF/mJwBDhaRq4zyWjIMaaECq5vhXTIZGEgs6soEOwF19eJq1qxbYq9t15qX6VxZFHx+gElZGNLlAd3aIGaiKKJugZvaI348l4Md6Nj3lrzshmDtEfGJ8/bSGUUg==</latexit>
a) c)b)
S(0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
S( )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
S( )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
Pcoh
<latexit sha1_base64="6LdY MfKtZpQR+uKK8ztYdLnRX/w=">AAAB+XicbVDLSgMxFL1TX7W+Rl 26CRbBVZkRQZdFNy4r2Ae0w5BJ0zY0mQxJplCG+RM3LhRx65+482 /MtLPQ1gOBwzn3ck9OlHCmjed9O5WNza3tnepubW//4PDIPT7paJ kqQttEcql6EdaUs5i2DTOc9hJFsYg47UbT+8LvzqjSTMZPZp7QQO BxzEaMYGOl0HVbYTYQ2EyUyIic5Hno1r2GtwBaJ35J6lCiFbpfg 6EkqaCxIRxr3fe9xAQZVoYRTvPaINU0wWSKx7RvaYwF1UG2SJ6jC 6sM0Ugq+2KDFurvjQwLrecispNFSL3qFeJ/Xj81o9sgY3GSGhqT5 aFRypGRqKgBDZmixPC5JZgoZrMiMsEKE2PLqtkS/NUvr5POVcP3G v7jdb15V9ZRhTM4h0vw4Qaa8AAtaAOBGTzDK7w5mfPivDsfy9GKU +6cwh84nz87jZQJ</latexit><latexit sha1_base64="6LdY MfKtZpQR+uKK8ztYdLnRX/w=">AAAB+XicbVDLSgMxFL1TX7W+Rl 26CRbBVZkRQZdFNy4r2Ae0w5BJ0zY0mQxJplCG+RM3LhRx65+482 /MtLPQ1gOBwzn3ck9OlHCmjed9O5WNza3tnepubW//4PDIPT7paJ kqQttEcql6EdaUs5i2DTOc9hJFsYg47UbT+8LvzqjSTMZPZp7QQO BxzEaMYGOl0HVbYTYQ2EyUyIic5Hno1r2GtwBaJ35J6lCiFbpfg 6EkqaCxIRxr3fe9xAQZVoYRTvPaINU0wWSKx7RvaYwF1UG2SJ6jC 6sM0Ugq+2KDFurvjQwLrecispNFSL3qFeJ/Xj81o9sgY3GSGhqT5 aFRypGRqKgBDZmixPC5JZgoZrMiMsEKE2PLqtkS/NUvr5POVcP3G v7jdb15V9ZRhTM4h0vw4Qaa8AAtaAOBGTzDK7w5mfPivDsfy9GKU +6cwh84nz87jZQJ</latexit><latexit sha1_base64="6LdY MfKtZpQR+uKK8ztYdLnRX/w=">AAAB+XicbVDLSgMxFL1TX7W+Rl 26CRbBVZkRQZdFNy4r2Ae0w5BJ0zY0mQxJplCG+RM3LhRx65+482 /MtLPQ1gOBwzn3ck9OlHCmjed9O5WNza3tnepubW//4PDIPT7paJ kqQttEcql6EdaUs5i2DTOc9hJFsYg47UbT+8LvzqjSTMZPZp7QQO BxzEaMYGOl0HVbYTYQ2EyUyIic5Hno1r2GtwBaJ35J6lCiFbpfg 6EkqaCxIRxr3fe9xAQZVoYRTvPaINU0wWSKx7RvaYwF1UG2SJ6jC 6sM0Ugq+2KDFurvjQwLrecispNFSL3qFeJ/Xj81o9sgY3GSGhqT5 aFRypGRqKgBDZmixPC5JZgoZrMiMsEKE2PLqtkS/NUvr5POVcP3G v7jdb15V9ZRhTM4h0vw4Qaa8AAtaAOBGTzDK7w5mfPivDsfy9GKU +6cwh84nz87jZQJ</latexit><latexit sha1_base64="6LdY MfKtZpQR+uKK8ztYdLnRX/w=">AAAB+XicbVDLSgMxFL1TX7W+Rl 26CRbBVZkRQZdFNy4r2Ae0w5BJ0zY0mQxJplCG+RM3LhRx65+482 /MtLPQ1gOBwzn3ck9OlHCmjed9O5WNza3tnepubW//4PDIPT7paJ kqQttEcql6EdaUs5i2DTOc9hJFsYg47UbT+8LvzqjSTMZPZp7QQO BxzEaMYGOl0HVbYTYQ2EyUyIic5Hno1r2GtwBaJ35J6lCiFbpfg 6EkqaCxIRxr3fe9xAQZVoYRTvPaINU0wWSKx7RvaYwF1UG2SJ6jC 6sM0Ugq+2KDFurvjQwLrecispNFSL3qFeJ/Xj81o9sgY3GSGhqT5 aFRypGRqKgBDZmixPC5JZgoZrMiMsEKE2PLqtkS/NUvr5POVcP3G v7jdb15V9ZRhTM4h0vw4Qaa8AAtaAOBGTzDK7w5mfPivDsfy9GKU +6cwh84nz87jZQJ</latexit>
0.1 1. 10. 0.1 1. 10. 0.1 1. 10.
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:
<latexit sha1_base64="4SEYggwNb12cxgEunyejpzw3QAE=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNhODEJuwGwQ1VUALywjmAdk1zE5mkyGzD2buCmFJ46/YWChi62fY+TdOki008cCFwzn3cu89Xiy4Asv6NnIrq2vrG/nNwtb2zu6euX/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXU/99iOTikfhPYxj5gZkEHKfUwJa6plHNafo3DABBHfKTjzkZw9Vp4hrPbNkVawZ8DKxM1JCGRo988vpRzQJWAhUEKW6thWDmxIJnAo2KTiJYjGhIzJgXU1DEjDlprMHJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif103Av3RTHsYJsJDOF/mJwBDhaRq4zyWjIMaaECq5vhXTIZGEgs6soEOwF19eJq1qxbYq9t15qX6VxZFHx+gElZGNLlAd3aIGaiKKJugZvaI348l4Md6Nj3lrzshmDtEfGJ8/bSGUUg==</latexit><latexit sha1_base64="4SEYggwNb12cxgEunyejpzw3QAE=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNhODEJuwGwQ1VUALywjmAdk1zE5mkyGzD2buCmFJ46/YWChi62fY+TdOki008cCFwzn3cu89Xiy4Asv6NnIrq2vrG/nNwtb2zu6euX/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXU/99iOTikfhPYxj5gZkEHKfUwJa6plHNafo3DABBHfKTjzkZw9Vp4hrPbNkVawZ8DKxM1JCGRo988vpRzQJWAhUEKW6thWDmxIJnAo2KTiJYjGhIzJgXU1DEjDlprMHJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif103Av3RTHsYJsJDOF/mJwBDhaRq4zyWjIMaaECq5vhXTIZGEgs6soEOwF19eJq1qxbYq9t15qX6VxZFHx+gElZGNLlAd3aIGaiKKJugZvaI348l4Md6Nj3lrzshmDtEfGJ8/bSGUUg==</latexit><latexit sha1_base64="4SEYggwNb12cxgEunyejpzw3QAE=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNhODEJuwGwQ1VUALywjmAdk1zE5mkyGzD2buCmFJ46/YWChi62fY+TdOki008cCFwzn3cu89Xiy4Asv6NnIrq2vrG/nNwtb2zu6euX/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXU/99iOTikfhPYxj5gZkEHKfUwJa6plHNafo3DABBHfKTjzkZw9Vp4hrPbNkVawZ8DKxM1JCGRo988vpRzQJWAhUEKW6thWDmxIJnAo2KTiJYjGhIzJgXU1DEjDlprMHJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif103Av3RTHsYJsJDOF/mJwBDhaRq4zyWjIMaaECq5vhXTIZGEgs6soEOwF19eJq1qxbYq9t15qX6VxZFHx+gElZGNLlAd3aIGaiKKJugZvaI348l4Md6Nj3lrzshmDtEfGJ8/bSGUUg==</latexit><latexit sha1_base64="4SEYggwNb12cxgEunyejpzw3QAE=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNhODEJuwGwQ1VUALywjmAdk1zE5mkyGzD2buCmFJ46/YWChi62fY+TdOki008cCFwzn3cu89Xiy4Asv6NnIrq2vrG/nNwtb2zu6euX/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbXU/99iOTikfhPYxj5gZkEHKfUwJa6plHNafo3DABBHfKTjzkZw9Vp4hrPbNkVawZ8DKxM1JCGRo988vpRzQJWAhUEKW6thWDmxIJnAo2KTiJYjGhIzJgXU1DEjDlprMHJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif103Av3RTHsYJsJDOF/mJwBDhaRq4zyWjIMaaECq5vhXTIZGEgs6soEOwF19eJq1qxbYq9t15qX6VxZFHx+gElZGNLlAd3aIGaiKKJugZvaI348l4Md6Nj3lrzshmDtEfGJ8/bSGUUg==</latexit>
a) c)b)
S(0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
S( )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
S( )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
0.1 1. 10. 0.1 1. 10. 0.1 1. 10.
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
~  = +1 meV
<latexit sha1_base64="dvZb5QGY9 Bj9tgvfNkllAJPJqlg=">AAACBnicbVBNSwMxEM3Wr1q/qh5FCBZBEMquCno Ril48VrAf0C0lm862oUl2SbJCWerFi3/FiwdFvPobvPlvzLY9aOuDgcd7M8zM C2LOtHHdbye3sLi0vJJfLaytb2xuFbd36jpKFIUajXikmgHRwJmEmmGGQzNWQ ETAoREMrjO/cQ9Ks0jemWEMbUF6koWMEmOlTnHf7wdE+V3ghuBLfOw9+IKYv hKpgPqoUyy5ZXcMPE+8KSmhKaqd4pffjWgiQBrKidYtz41NOyXKMMphVPATDT GhA9KDlqWSCNDtdPzGCB9apYvDSNmSBo/V3xMpEVoPRWA7sxv1rJeJ/3mtxI QX7ZTJODEg6WRRmHBsIpxlgrtMATV8aAmhitlbMe0TRaixyRVsCN7sy/OkflL 2Tsvu7VmpcjWNI4/20AE6Qh46RxV0g6qohih6RM/oFb05T86L8+58TFpzznRm F/2B8/kDjOOYig==</latexit>
~  =  1 meV
<latexit sha1_base64="AQYoNp/ssS28pZPbwLH/LKK4ODc=">AAACBni cbVA9SwNBEN2LXzF+RS1FWAyCjeFOBW2EoI1lBPMBuRD2NnPJkt29Y3dPCEdsbPwrNhaK2Pob7Pw37iUpNPHBwOO9GWbmBTFn2rjut5NbWFxaXsmvFtbW Nza3its7dR0likKNRjxSzYBo4ExCzTDDoRkrICLg0AgG15nfuAelWSTvzDCGtiA9yUJGibFSp7jv9wOi/C5wQ/AlPvYefEFMX4lUQH3UKZbcsjsGnifel JTQFNVO8cvvRjQRIA3lROuW58amnRJlGOUwKviJhpjQAelBy1JJBOh2On5jhA+t0sVhpGxJg8fq74mUCK2HIrCd2Y161svE/7xWYsKLdspknBiQdLIoTD g2Ec4ywV2mgBo+tIRQxeytmPaJItTY5Ao2BG/25XlSPyl7p2X39qxUuZrGkUd76AAdIQ+dowq6QVVUQxQ9omf0it6cJ+fFeXc+Jq05Zzqzi/7A+fwBkAe YjA==</latexit>
  = 0
<latexit sha1_base64="t47QYK4f hocFn9Ak0OBI1shEAlU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU 0ItQ9OKxgv3ANpTNZtsu3WzC7kQoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8z MCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8 naiOY0CyVvB6Hbqt564NiJWDzhOuB/RgRJ9wSha6bEbcomUXBO3V664VXcG sky8nFQgR71X/uqGMUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI2 78bHbxhJxYJST9WNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRT7V34mVJIiV 2y+qJ9KgjGZvk9CoTlDObaEMi3srYQNqaYMbUglG4K3+PIyaZ5VvfOqe39 Rqd3kcRThCI7hFDy4hBrcQR0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AT bej/M=</latexit>
~  = +1 meV
<latexit sha1_base64="dvZb5QGY9Bj9tgvfNkllAJPJqlg=">AAACBnicbVBNSwMxEM3Wr1q/qh5FCBZBEMquCnoRil48VrAf0C0lm862oUl2SbJCWerFi3 /FiwdFvPobvPlvzLY9aOuDgcd7M8zMC2LOtHHdbye3sLi0vJJfLaytb2xuFbd36jpKFIUajXikmgHRwJmEmmGGQzNWQETAoREMrjO/cQ9Ks0jemWEMbUF6koWMEmOlTnHf7wdE+V3ghuBLfOw9+IKYvhKpgPqoUyy5ZXcMPE+8KSmhKaqd4pffjWgiQBrKidYtz41NOyXKMMphVPATDTGhA9KDlqWSCNDtdPzGCB9apYvDSNmS Bo/V3xMpEVoPRWA7sxv1rJeJ/3mtxIQX7ZTJODEg6WRRmHBsIpxlgrtMATV8aAmhitlbMe0TRaixyRVsCN7sy/OkflL2Tsvu7VmpcjWNI4/20AE6Qh46RxV0g6qohih6RM/oFb05T86L8+58TFpzznRmF/2B8/kDjOOYig==</latexit>
~  =  1 meV
<latexit sha1_base64="AQYoNp/ssS28pZPbwLH/LKK4ODc=">AAACBnicbVA9SwNBEN2LXzF+RS1FWAyCjeFOBW2EoI1lBPMBuRD2NnPJkt29Y3dPC EdsbPwrNhaK2Pob7Pw37iUpNPHBwOO9GWbmBTFn2rjut5NbWFxaXsmvFtbWNza3its7dR0likKNRjxSzYBo4ExCzTDDoRkrICLg0AgG15nfuAelWSTvzDCGtiA9yUJGibFSp7jv9wOi/C5wQ/AlPvYefEFMX4lUQH3UKZbcsjsGnifelJTQFNVO8cvvRjQRIA3lROuW58amnRJlGOUwKviJhpjQAelBy1JJBOh2On5 jhA+t0sVhpGxJg8fq74mUCK2HIrCd2Y161svE/7xWYsKLdspknBiQdLIoTDg2Ec4ywV2mgBo+tIRQxeytmPaJItTY5Ao2BG/25XlSPyl7p2X39qxUuZrGkUd76AAdIQ+dowq6QVVUQxQ9omf0it6cJ+fFeXc+Jq05Zzqzi/7A+fwBkAeYjA==</latexit>
  = 0
<latexit sha1_base64="t47QYK4fhocFn9Ak0OBI1shEAlU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ9OKxgv3ANpTNZtsu3WzC7kQoo f/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWDzhOuB/RgRJ9wSha6bEbcomUXBO3V664VXcGsky8nFQgR71X/uqGMUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbxhJxYJST9WNtSSGbq74mMRsa Mo8B2RhSHZtGbiv95nRT7V34mVJIiV2y+qJ9KgjGZvk9CoTlDObaEMi3srYQNqaYMbUglG4K3+PIyaZ5VvfOqe39Rqd3kcRThCI7hFDy4hBrcQR0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8ATbej/M=</latexit>
~  = +1 meV
<latexit sha1_base64="dvZb5QGY9Bj9tgvfNkllAJPJqlg=">AAACBnicbVBNSwMxEM3Wr1q/qh5FCBZBEMquCnoRil48VrAf0C0lm862oUl2SbJCWerFi3 /FiwdFvPobvPlvzLY9aOuDgcd7M8zMC2LOtHHdbye3sLi0vJJfLaytb2xuFbd36jpKFIUajXikmgHRwJmEmmGGQzNWQETAoREMrjO/cQ9Ks0jemWEMbUF6koWMEmOlTnHf7wdE+V3ghuBLfOw9+IKYvhKpgPqoUyy5ZXcMPE+8KSmhKaqd4pffjWgiQBrKidYtz41NOyXKMMphVPATDTGhA9KDlqWSCNDtdPzGCB9apYvDSNmS Bo/V3xMpEVoPRWA7sxv1rJeJ/3mtxIQX7ZTJODEg6WRRmHBsIpxlgrtMATV8aAmhitlbMe0TRaixyRVsCN7sy/OkflL2Tsvu7VmpcjWNI4/20AE6Qh46RxV0g6qohih6RM/oFb05T86L8+58TFpzznRmF/2B8/kDjOOYig==</latexit>
~  =  1 meV
<latexit sha1_base64="AQYoNp/ssS28pZPbwLH/LKK4ODc=">AAACBnicbVA9SwNBEN2LXzF+RS1FWAyCjeFOBW2EoI1lBPMBuRD2NnPJkt29Y3dPC EdsbPwrNhaK2Pob7Pw37iUpNPHBwOO9GWbmBTFn2rjut5NbWFxaXsmvFtbWNza3its7dR0likKNRjxSzYBo4ExCzTDDoRkrICLg0AgG15nfuAelWSTvzDCGtiA9yUJGibFSp7jv9wOi/C5wQ/AlPvYefEFMX4lUQH3UKZbcsjsGnifelJTQFNVO8cvvRjQRIA3lROuW58amnRJlGOUwKviJhpjQAelBy1JJBOh2On5 jhA+t0sVhpGxJg8fq74mUCK2HIrCd2Y161svE/7xWYsKLdspknBiQdLIoTDg2Ec4ywV2mgBo+tIRQxeytmPaJItTY5Ao2BG/25XlSPyl7p2X39qxUuZrGkUd76AAdIQ+dowq6QVVUQxQ9omf0it6cJ+fFeXc+Jq05Zzqzi/7A+fwBkAeYjA==</latexit>
  = 0
<latexit sha1_base64="t47QYK4fhocFn9Ak0OBI1shEAlU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ9OKxgv3ANpTNZtsu3WzC7kQoo f/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWDzhOuB/RgRJ9wSha6bEbcomUXBO3V664VXcGsky8nFQgR71X/uqGMUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbxhJxYJST9WNtSSGbq74mMRsa Mo8B2RhSHZtGbiv95nRT7V34mVJIiV2y+qJ9KgjGZvk9CoTlDObaEMi3srYQNqaYMbUglG4K3+PIyaZ5VvfOqe39Rqd3kcRThCI7hFDy4hBrcQR0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8ATbej/M=</latexit>
~  (meV)
<latexit sha1_base64="ACQk2 mhTgYjomZUgkQIH+pe40H4=">AAACA3icbVBNS8NAEN3Ur1q/ot7 0EixCvZREBT0WvXisYD+gCWWzmbRLd5OwuxFKqHjxr3jxoIhX/4Q3 /42bNgdtfTDweG+GmXl+wqhUtv1tlJaWV1bXyuuVjc2t7R1zd68t 41QQaJGYxaLrYwmMRtBSVDHoJgIw9xl0/NF17nfuQUgaR3dqnIDH8 SCiISVYaalvHrhDHws3AKbwQ83lWA0Fzzi0Jyd9s2rX7SmsReIUp IoKNPvmlxvEJOUQKcKwlD3HTpSXYaEoYTCpuKmEBJMRHkBP0whzkF 42/WFiHWslsMJY6IqUNVV/T2SYSznmvu7Mj5TzXi7+5/VSFV56GY 2SVEFEZovClFkqtvJArIAKIIqNNcFEUH2rRYZYYKJ0bBUdgjP/8iJ pn9ads7p9e15tXBVxlNEhOkI15KAL1EA3qIlaiKBH9Ixe0ZvxZLw Y78bHrLVkFDP76A+Mzx89VJfk</latexit>
~  (meV)
<latexit sha1_base64="ACQk2mhTgYjomZUgkQIH+pe40H4=">A AACA3icbVBNS8NAEN3Ur1q/ot70EixCvZREBT0WvXisYD+gCWWzmbRLd5OwuxFKqHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXl+wqhUtv 1tlJaWV1bXyuuVjc2t7R1zd68t41QQaJGYxaLrYwmMRtBSVDHoJgIw9xl0/NF17nfuQUgaR3dqnIDH8SCiISVYaalvHrhDHws3AKbwQ83 lWA0Fzzi0Jyd9s2rX7SmsReIUpIoKNPvmlxvEJOUQKcKwlD3HTpSXYaEoYTCpuKmEBJMRHkBP0whzkF42/WFiHWslsMJY6IqUNVV/T2SY Sznmvu7Mj5TzXi7+5/VSFV56GY2SVEFEZovClFkqtvJArIAKIIqNNcFEUH2rRYZYYKJ0bBUdgjP/8iJpn9ads7p9e15tXBVxlNEhOkI15 KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76A+Mzx89VJfk</latexit>
FIG. 1. Normalised total emission power P with a) and with-
out b) phonons, and coherently scattered power Pcoh with c)
and without d) phonons, plotted as functions of the scaled
driving strength [s = 2(Ω/Γ)2] and detuning. The dashed
contour lines indicate half the maximum possible value for
each power contribution from a two-level-emitter, 1
2
Pmax =
0.5 and 1
2
Pmaxcoh = 0.125. These values are not reached
in the absence of phonons. Parameters: α = 0.027 ps2,
νc = 2.2 ps
−1, T = 4 K, and 1/Γ = 700 ps.
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<la texi t sha 1_ba se64= "4fL VmpxM EsUP MXRqk FcV8 /BKs8 E="> AAAB6 Hicb VDLSs NAFL 2pr1p fVZd uBovg qiQi 6LLox mUL9 gFtkM n0ph 07mYS ZiVB Cv8CN C0Xc +knu/ Bsnb Rbaem DgcM 65zL0 nSAT XxnW/ ndLa +sbmV nm7s rO7t3 9QPT zq6Dh VDNs sFrHq BVSj 4BLbh huBv UQhjQ KB3W Bym/v dJ1S ax/Le TBP0 IzqSP OSMG iu1mg /Vml t35yC rxCt IDQrY /Ndg GLM0Q mmYo Fr3PT cxfk aV4Uz grDJ INSaU TegI +5ZKG qH2s /miM3 JmlS EJY2W fNGS u/p7I aKT1 NAps MqJmr Je9X PzP66 cmvP YzLpP UoGS Lj8JU EBOT /Goy5 AqZE VNLKF Pc7k rYmCr KjO2 mYkvw lk9e JZ2Lu ufWv dZlrX FT1F GGEzi Fc/D gChpw B01o AwOEZ 3iFN +fReX HenY 9FtOQ UM8f wB87n D6mZ jNQ=< /lat exit><la texi t sha 1_ba se64= "4fL VmpxM EsUP MXRqk FcV8 /BKs8 E="> AAAB6 Hicb VDLSs NAFL 2pr1p fVZd uBovg qiQi 6LLox mUL9 gFtkM n0ph 07mYS ZiVB Cv8CN C0Xc +knu/ Bsnb Rbaem DgcM 65zL0 nSAT XxnW/ ndLa +sbmV nm7s rO7t3 9QPT zq6Dh VDNs sFrHq BVSj 4BLbh huBv UQhjQ KB3W Bym/v dJ1S ax/Le TBP0 IzqSP OSMG iu1mg /Vml t35yC rxCt IDQrY /Ndg GLM0Q mmYo Fr3PT cxfk aV4Uz grDJ INSaU TegI +5ZKG qH2s /miM3 JmlS EJY2W fNGS u/p7I aKT1 NAps MqJmr Je9X PzP66 cmvP YzLpP UoGS Lj8JU EBOT /Goy5 AqZE VNLKF Pc7k rYmCr KjO2 mYkvw lk9e JZ2Lu ufWv dZlrX FT1F GGEzi Fc/D gChpw B01o AwOEZ 3iFN +fReX HenY 9FtOQ UM8f wB87n D6mZ jNQ=< /lat exit><la texi t sha 1_ba se64= "4fL VmpxM EsUP MXRqk FcV8 /BKs8 E="> AAAB6 Hicb VDLSs NAFL 2pr1p fVZd uBovg qiQi 6LLox mUL9 gFtkM n0ph 07mYS ZiVB Cv8CN C0Xc +knu/ Bsnb Rbaem DgcM 65zL0 nSAT XxnW/ ndLa +sbmV nm7s rO7t3 9QPT zq6Dh VDNs sFrHq BVSj 4BLbh huBv UQhjQ KB3W Bym/v dJ1S ax/Le TBP0 IzqSP OSMG iu1mg /Vml t35yC rxCt IDQrY /Ndg GLM0Q mmYo Fr3PT cxfk aV4Uz grDJ INSaU TegI +5ZKG qH2s /miM3 JmlS EJY2W fNGS u/p7I aKT1 NAps MqJmr Je9X PzP66 cmvP YzLpP UoGS Lj8JU EBOT /Goy5 AqZE VNLKF Pc7k rYmCr KjO2 mYkvw lk9e JZ2Lu ufWv dZlrX FT1F GGEzi Fc/D gChpw B01o AwOEZ 3iFN +fReX HenY 9FtOQ UM8f wB87n D6mZ jNQ=< /lat exit><la texi t sha 1_ba se64= "4fL VmpxM EsUP MXRqk FcV8 /BKs8 E="> AAAB6 Hicb VDLSs NAFL 2pr1p fVZd uBovg qiQi 6LLox mUL9 gFtkM n0ph 07mYS ZiVB Cv8CN C0Xc +knu/ Bsnb Rbaem DgcM 65zL0 nSAT XxnW/ ndLa +sbmV nm7s rO7t3 9QPT zq6Dh VDNs sFrHq BVSj 4BLbh huBv UQhjQ KB3W Bym/v dJ1S ax/Le TBP0 IzqSP OSMG iu1mg /Vml t35yC rxCt IDQrY /Ndg GLM0Q mmYo Fr3PT cxfk aV4Uz grDJ INSaU TegI +5ZKG qH2s /miM3 JmlS EJY2W fNGS u/p7I aKT1 NAps MqJmr Je9X PzP66 cmvP YzLpP UoGS Lj8JU EBOT /Goy5 AqZE VNLKF Pc7k rYmCr KjO2 mYkvw lk9e JZ2Lu ufWv dZlrX FT1F GGEzi Fc/D gChpw B01o AwOEZ 3iFN +fReX HenY 9FtOQ UM8f wB87n D6mZ jNQ=< /lat exit>
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FIG. 1. (a) Experimental setup to measure phase shifts due to a quantum dot inside a micropillar cavity. |H/V i denotes
horizontally/vertically polarised light. A variable delay ⌧ can be used to measure the intensity autocorrelation function shown
in (c) of the light scattered into vertical polarisation. Abbreviations: (P)BS - (Polarising) Beamsplitter. (b) The nuclear spin
state | i a↵ects the electronic transition energy and thereby the phase shift incurred by a right circularly polarised photon
|Ri. This phase shift results in a polarisation rotation of linearly polarised light. Shown in grey is the detuned |#i $ |+i
transition. (c) Cross-polarised optical intensity autorrelation function for di↵erent average photon count rates obtained from
a Monte-Carlo simulation of 8 nuclear spins. While the quadratic behaviour characteristic of unitary evolution is observed
for low count rates, the evolution of the nuclear spins is impeded by more frequent photon scattering, which constitutes a
quantum Zeno e↵ect. Parameters Ak and !k were randomly drawn from a Gaussian distribution with hAki = h!ki = 0.5 µeV,
 (Ak) = 0.25µeV, and  (!k) = 10neV.
II. INPUT–OUTPUT TREATMENT
INCLUDING NUCLEAR SPIN COUPLING
Our aim is to calculate the optical intensity autocor-
relation g(2)(⌧) for photons scattered o↵ the QD-cavity
ystem which incorporates th nuclea spin environment,
and hich we chieve using an extended input-output
formalism [23, 33, 34]. We consider a continuum of opti-
cal modes described by annihilation operators bˆ(!) prop-
agating towards and away from an optical cavity of reso-
nance frequency !c and associated cavity mode operator
aˆ. This cavity mode, in turn, couples to a two-level sys-
tem (TLS) with ground and excited states |"i and |*i,
respectively, whic itself is coupled to an environment of
nuclear spins. The total Hamiltonian describing all de-
grees of freedom can be written H = H0+HI where (we
set ~ = 1)
H0 =
1
2
!0 
z + !caˆ
†aˆ+
Z 1
0
d! !bˆ†(!)bˆ(!) +HZ , (1)
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⌘
+HO, (2)
where  z = |*ih*|  |"ih"|,    = |"ih*|,  + = |*ih"|, !0 is
the transition energy of the TLS, and g is the TLS–cavity
coupling strength. The nuclear Zeeman term is HZ =P
j !jI
z
j , with Pauli z operator I
z
j acting on nuclear spin
j and nuclear Zeeman splitting !j due to and external
magnetic field along zˆ. The electron–nuclear coupling
term is given by HO =
1
2 
z ˆ, with Overhauser shift
operator
 ˆ =
X
j
AjI
z
j +
1
2!
X
m 6=n
AmAnI
+
mI
 
n , (3)
results from a Schrie↵er-Wol↵ transformation performed
on the contact hyperfine interaction [35]. Note that while
the contact hyperfine interaction considers two electron
spin states |"i , |#i, we focus here on one of these ground
states, arbitrarily labelled |"i. Neglecting the other spin
state |#i is justified in a large (& 100 mT) magnetic field,
where energy conservation prevents flip-flops between the
electron spin states. Hence the operators  z and  ± refer
to ground and excited states of a TLS and not spin states.
We approximate the cavity–port mode coupling
strength as a constant g(!) =
p
 at the relevant optical
frequencies, and in doing so we find that the Heisenberg
equations read
 ˙ (t)= ig aˆ(t) z(t)  i
⇣
!0 +  ˆ(t)
⌘
  (t), (4a)
i a˙(t)= (!c   i⇡)a(t) + g  (t) +
p
 bin(t), (4b)
2⇡i
p
 aˆ(t)= bˆin(t)  bˆout(t), (4c)
where we have defined the incoming and outgoing field
operators as bˆin(t) =
R
d! b0(!) exp( i!t) with b0(!) ⌘
bˆ(!, t0), and bˆout(t) =
R
d! b1(!) exp( i!t) with b1(!) ⌘
bˆ(!, t1) [34], and extended frequency integrals such thatR1
0
d! ! R1 1 d! ⌘ R d!. Taking the Fourier transform
of Eq. (4b) we find
(!   !c + i⇡) a(!) = g  (!) +
p
b0(!), (5)
where   (t) =
R
d!   (!)e i!t and similarly for aˆ(t).
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FIG. 1. (a) Experimental setup to measure phase shifts due to a quantum dot inside a micropillar cavity. |H/V i denotes
horizontally/vertically polarised light. A variable delay ⌧ can be used to measure the intensity autocorrelation function shown
in (c) of the light scattered into vertical polarisatio . Abbreviations: (P)BS - (Polarising) Beamsplitter. (b) The nuclear spin
state | i a↵ects the electronic tra sition energy and thereby the phase shift incurred by a right circularly polarised photon
|Ri. This phase shift results in a polarisation rotation of linearly polarised light. Shown in grey is the detuned |#i $ |+i
transition. (c) Cross-polarised optical intensity autorrelation function for di↵erent average photon count rates obtained from
a Monte-Carlo simulation of 8 nuclear spins. While the quadratic behaviour characteristic of unitary evolution is observed
for low count rates, the evolution of the nuclear spins is impeded by more frequent photon scattering, which constitutes a
quantum Zeno e↵ect. Parameters Ak and !k were randomly drawn from a Gaussian distribution with hAki = h!ki = 0.5 µeV,
 (Ak) = 0.25µeV, and  (!k) = 10neV.
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on the contact hyperfine interaction [35]. Note that while
the contact hyperfine interaction considers two electron
spin states |"i , |#i, we focus here on one of these ground
states, arbitrarily labelled |"i. Neglecting the other spin
state |#i is justified in a large (& 100 mT) magnetic field,
where energy conservation prevents flip-flops between the
electron spin states. Hence the operators  z and  ± refer
to ground and excited states of a TLS and not spin states.
We approximate the cavity–port mode coupling
strength as a constant g(!) =
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 at the relevant optical
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FIG. 2. Normally ordered quadrature variance :∆X(φ)2: on
(a) and off (b and c) resonance. The solid curves are cal-
culated using the full phonon theory and the dashed curves
are calculated in the absence of phonons as in Eq. (3). The
gridlines indicate the values :∆X(φ)2: = −0.125 (maximum
level of squeezing obtainable in the absence of phonons) and
:∆X(φ)2: = −0.25 (upper bound on the level of squeezing
obtainable from a two-level system). The black dotted curve
shows the analytic approximation in Eq. (6). The lower plots
show the purity of the quantum dot excitonic state l, with
l = 1 corresponding to a minimum uncertainty state of the
emitted field. Parameters are as in Fig. 1. Off-resonance
(~δ = ±1 meV), the minimum and maximum scaled driv-
ing strengths cover the range s ∼ 105.5 − 107.5, while in the
resonant case S(0) = s by definition.
even at low driving strengths [23, 40, 41].
Above saturation, we see that the power contributions
with and without phonons markedly differ, as in this
regime the phonon environment dominates over sponta-
neous emission due to its spectral density being sam-
pled at larger generalised Rabi frequencies. The exci-
ton then tends towards a thermal state as previously
described, in which Pcoh can be significant, while pos-
itive and negative detunings lead t a low and high total
powe P , respectively. As anticipated, this then gives
rise to two regimes with quadrature squeezing, as shown
explicitly in Figs. 2 b) and c), where we plot the quadra-
ure variance as a function of the g neralised satura-
tion parameter S for fixed detuning. The black dot-
ted curves correspond to the approximate expression in
Eq. (6), showing good agreement with the full phonon
model until the driving strength becomes large enough
that the decoupling regime is reached. For positive de-
tuning we see that a level of squeezing close to the up-
per bound :∆X(φ)2: = −0.25 can be obtained, and that
this is only possible when phonons are included. For the
egative detuni g case, as the driving increases phonons
lead to thermalisation towards a state with total power
P 0.5 due to steady-state population inversion [see
Fig. 1 a)] [42–44]. This means that the quadrature vari-
ance fir t increases at sm ll driv ng, then begins to e-
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FIG. 1. (a) Experimental setup to measure phase shifts due to a quantum dot inside a micropillar cavity. |H/V i denotes
horizontally/vertically polarised light. A variable delay ⌧ can be used to measure the intensity autocorrelation function shown
in (c) of the light scattered into vertical polarisation. Abbreviations: (P)BS - (Polarising) Beamsplitter. (b) The nuclear spin
state | i a↵ects the electronic transition energy and thereby the phase shift incurred by a right circularly polarised photon
|Ri. This phase shift results in a polarisation rotation of linearly polarised light. Shown in grey is the detuned |#i $ |+i
transition. (c) Cross-polarised optical intensity autorrelation function for di↵erent average photon count rates obtained from
a Monte-Carlo simulation of 8 nuclear spins. While the quadratic behaviour characteristic of unitary evolution is observed
for low count rates, the evolution of the nuclear spins is impeded by more frequent photon scattering, which constitutes a
quantum Zeno e↵ect. Parameters Ak and !k were randomly drawn from a Gaussian distribution with hAki = h!ki = 0.5 µeV,
 (Ak) = 0.25µeV, and  (!k) = 10neV.
II. INPUT–OUTPUT TREATMENT
INCLUDING NUCLEAR SPIN COUPLING
Our aim is to calculate the optical intensity autocor-
relation g(2)(⌧) for photons scattered o↵ the QD-cavity
system which incorporates the nuclear spin environment,
and which we achieve using an extended input-output
formalism [23, 33, 34]. We consider a continuum of opti-
cal modes described by annihilation operators bˆ(!) prop-
agating towards and away from an optical cavity of reso-
nance frequency !c and associated cavity mode operator
aˆ. This cavity mode, in turn, couples to a two-level sys-
tem (TLS) with ground and excited states |"i and |*i,
respectively, which itself is coupled to an environment of
nuclear spins. The total Hamiltonian describing all de-
grees of freedom can be written H = H0+HI where (we
set ~ = 1)
H0 =
1
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z + !caˆ
†aˆ+
Z 1
0
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where  z = |*ih*|  |"ih"|,    = |"ih*|,  + = |*ih"|, !0 is
the transition energy of the TLS, and g is the TLS–cavity
coupling strength. The nuclear Zeeman term is HZ =P
j !jI
z
j , with Pauli z operator I
z
j acting on nuclear spin
j and nuclear Zeeman splitting !j due to and external
magnetic field along zˆ. The electron–nuclear coupling
term is given by HO =
1
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z ˆ, with Overhauser shift
operator
 ˆ =
X
j
AjI
z
j +
1
2!
X
m 6=n
AmAnI
+
mI
 
n , (3)
results from a Schrie↵er-Wol↵ transformation performed
on the contact hyperfine interaction [35]. Note that while
the contact hyperfine interaction considers two electron
spin states |"i , |#i, we focus here on one of these ground
states, arbitrarily labelled |"i. Neglecting the other spin
state |#i is justified in a large (& 100 mT) magnetic field,
where energy conservation prevents flip-flops between the
electron spin states. Hence the operators  z and  ± refer
to ground and excited states of a TLS and not spin states.
We approximate the cavity–port mode coupling
strength as a constant g(!) =
p
 at the relevant optical
frequencies, and in doing so we find that the Heisenberg
equations read
 ˙ (t)= ig aˆ(t) z(t)  i
⇣
!0 +  ˆ(t)
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  (t), (4a)
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p
 bin(t), (4b)
2⇡i
p
 aˆ(t)= bˆin(t)  bˆout(t), (4c)
where we have defined the incoming and outgoing field
operators as bˆin(t) =
R
d! b0(!) exp( i!t) with b0(!) ⌘
bˆ(!, t0), and bˆout(t) =
R
d! b1(!) exp( i!t) with b1(!) ⌘
bˆ(!, t1) [34], and extended frequency integrals such thatR1
0
d! ! R1 1 d! ⌘ R d!. Taking the Fourier transform
of Eq. (4b) we find
(!   !c + i⇡) a(!) = g  (!) +
p
b0(!), (5)
where   (t) =
R
d!   (!)e i!t and similarly for aˆ(t).
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FIG. 1. (a) Experimental setup to measure phase shifts due to a quantum dot inside a micropillar cavity. |H/V i denotes
horizontally/vertically polarised light. A variable delay ⌧ can be used to measure the intensity autocorrelation function shown
in (c) of the light scattered into vertical polarisatio . Abbreviations: (P)BS - (Polarising) Beamsplitter. (b) The nuclear spin
state | i a↵ects the electronic tra sition energy and thereby the phase shift incurred by a right circularly polarised photon
|Ri. This phase shift results in a polarisation rotation of linearly polarised light. Shown in grey is the detuned |#i $ |+i
transition. (c) Cross-polarised optical intensity autorrelation function for di↵erent average photon count rates obtained from
a Monte-Carlo simulation of 8 nuclear spins. While the quadratic behaviour characteristic of unitary evolution is observed
for low count rates, the evolution of the nuclear spins is impeded by more frequent photon scattering, which constitutes a
quantum Zeno e↵ect. Parameters Ak and !k were randomly drawn from a Gaussian distribution with hAki = h!ki = 0.5 µeV,
 (Ak) = 0.25µeV, and  (!k) = 10neV.
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where energy conservation prevents flip-flops between the
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FIG. 3. Phase estimation setup, showing a test input state ρin in the first (upper) mode and a coherent state input |α〉 in
the second (lower) mode of a Mach-Zehnder interferometer consisting of two 50/50 beamsplitters separating and recombining
the two arms with path length difference parameterised by Θ. When the first mode is illuminated with resonance fluorescence
light, the normalised phase sensitivity for Θ = pi/2 is hown for resonant (a) and off-resonant driving (b and c), modelled ith
(solid, orange) and without (da hed, orange) coupling to ph nons. Show for reference is the normalised phas sensitivity for
a squeezed vacuum input state in mode one, with the squeezi g parameter chosen such that the photon flux is equal to that in
the resonance fluorescence case. P rame e s are as in Fig. 1 with |α|2 = 1.
crease with a discontinuous derivative (not shown) as P
passes through 0.5. The strong driving exciton–phonon
decoupling regime also sets in sooner than for positive
detuning. Nevertheless, the obtained levels of squeezing
still surpass those possible in the absence of the vibra-
tional environment. The lower plots show the purity of
the QD excitonic state par meterised by its Bloch vec-
tor length 1 ≥ l ≥ 0, which we use here to indicate
whether the emitted field is a minimum uncertainty state
(for which l = 1). We see that when phonons are in-
cluded, the regime of greatest squeezing coincides with
the regime of greatest Bloch vector length, and that the
optimal values of l = 1 and :∆X(φ)2: = −0.25 are closely
approached in the positive detuning case.
We note that although the driving strengths required
to reach the regime of vibrationally enhanced squeezing
are experimentally challenging, they are not excessively
so. Rabi energies of several hundred µeV are fairly rou-
tinely achieved experimentally [45], and for the realistic
parameters used in Fig. 2, the level of squeezing exceeds
that possible in the absence of phonons for S(δ) ≈ 0.3
corresponding to a Rabi energy of ~Ω ≈ 0.8 meV,
while the maximum squeezing occurs in the regime
~Ω ≈ 1.5 meV. Broadly speaking, the vibrationally
enhanced regime takes eff ct when kBT < ~
√
Ω2 + δ2,
and as such lowering the temperature below the 4 K
used here would allow it to be observed at lower driving
strengths and detuning values. We emphasise that
the vibrationally enhanced squeezing regime occurs
when phonon-induced dephasing is large, and indeed
dominates over spontaneous emission. As such, our
results are robust against any addition l pure-dephasing
processes that are weak or moderate compared to
the homogeneous linewidth of the exciton, as shown
explicitly in the supplementary information.
Resonance fluorescence and phase estimation.
Having shown how a vibrational env ronment is able
to lead to enhanced levels of quadrature squeeing in
resonance fluorescence, a natural question to ask is
whether the light produced is useful in applications. To
address this question, we analyse the canonical phase
estimation protocol illustrated in Fig. 3. It consists
of an unbalanced Mach-Zehnder interferometer with
path difference par meterised by Θ, and into which is
inserted a pure coherent state |α〉 in one arm and some
general state ρin in the other arm. We are interested in
the greatest accuracy with which Θ can be estimated.
We consider perhaps the simplest measurement that can
be used to construct an estimator for Θ, which is the
expectation value of the difference in photon numbers
at the two outputs, 〈N−〉, where N± = N1 ± N2. Our
accuracy figure of merit is then the variance in N−,
∆N2− = 〈N2−〉 − 〈N−〉2, normalised by the total photon
flux 〈N+〉, such that if a second coherent state is input
into th first (upper) arm our figure of merit gives 1.
Considering first a squeezed single mode input state
we recover the seminal result of Caves [1]. As detailed in
the supplementary information, using ρin = |ξ〉〈ξ| with
|ξ〉 = S(ξ)|vac〉 and S(ξ) = exp[ξa2 − ξ∗a†2], we find the
variance in the difference in photon numbers is minimis
for Θ = pi/2, at which point
∆N2− = Pξ + Pαe
−2|ξ|, (7)
with Pξ = sinh
2 |ξ| and Pα = |α|2, showing that for
|ξ| > 0 the variance is reduced below that of a coher-
ent state input with the same power [1, 13]. For the
resonance fluorescence field as the input state, for the
same Θ e varian e in N− is minimised when the phase
of the coh ent tate amplitude α is equal to the dipole
phase φ, a d is now given by
∆N2− = P + Pα(1− 4Pcoh), (8)
with P and Pcoh the total and coherently scattered di-
mensionless powers as before.
Our figure of merit is shown in Fig. 3 as a func-
6tion of driving strength, for a QD driven on a) and
off-resonance [b) and c)] with (solid, orange curves)
and without (dashed, orange) phonons, where we take
Pα = 1. Shown also in green is the same figure of merit
for a squeezed single mode vacuum, with the squeezing
parameter ξ chosen such that Pξ = P , ensuring that
the total photon flux is equal in both cases. The black
dashed curve is calculated using the approximate QD
steady-state in Eq. (5), showing good agreement with
the full phonon model in the phonon enhanced regimes.
Looking first at the resonant case a), we see that the
variance in the photon number difference at low driving
strengths is minimised by the squeezed vacuum input
state, implying that for a fixed photon flux, it is this
state which gives the greatest sensitivity to the phase Θ.
Hence, the resonance fluorescence field in the standard
squeezing regime does not outperform the squeezed
vacuum. Off-resonance and for positive detuning,
however, we see that the resonance fluorescence field can
out-perform the squeezed vacuum state, and that this
only occurs with phonons included. As seen in Fig. 1, in
this regime Pcoh can reach values close to its maximum
of 0.25, causing the second term in Eq. (8) to tend
to zero, which is only possible in the limit of infinite
squeezing for the squeezed vacuum [c.f. Eq. (7)]. In the
negative detuning case, although Pcoh is again close 0.25,
the total power P is now large, meaning the first term
in Eq. (8) is significant. The competition between these
two terms together with the phonon-induced population
inversion gives rise to the complicated behaviour seen
for negative detuning in Fig. 3 c).
Discussion
We have shown that interactions between a TLE and
a vibrational environment can be harnessed to produce
a source of quadrature squeezed light with levels of
squeezing that would otherwise be impossible within
resonance fluorescence. In fact, the obtainable squeezing
can reach values very close to the fundamental bound for
a two-level system. We have illustrated our findings with
an explicit example of a QD coupled to phonons, which
provides a feasible experimental platform to engineer
such squeezed states of light.
We have also explored how these resonance fluores-
cence states perform in a phase estimation protocol.
Without vibrational interactions, although the reduced
fluctuations in resonance fluorescence states can provide
some advantage over coherent state inputs, the squeezed
vacuum offers greater phase sensitivity for the same num-
ber of photons passing through the interferometer. With
vibrational interactions included, however, the resonance
fluorescence state can outperform the squeezed vacuum,
suggesting that these states could provide a useful re-
source in phase estimation applications. It is interest-
ing to compare these findings with the Fisher informa-
tion analysis of Ref. [13], which states that for the setup
shown in Fig. 3, the optimal pure single mode input state
over all phase estimators is the squeezed vacuum. Our
findings therefore suggest that for more general multi-
mode input states the squeezed vacuum ceases to be op-
timal, or that estimators beyond the difference in out-
put photon numbers must be considered. As such, our
results not only illustrate how vibrational environments
can give rise to enhanced quadrature squeezing in res-
onance fluorescence, but also motivate future studies
analysing the performance of generalised non-Gaussian
multimode states in interferometry.
Methods
The QD couples to both vibrational and electromagnetic
environments, which results in the total Hamiltonian
H = HS + HS−ph + HS−em + HB . At low tempera-
tures the electron–phonon interaction is dominated by a
linear displacement coupling with Hamiltonian HS−ph =
σ†σ
∑
k ~gk(b
†
k + bk), where bk (b
†
k) is the annihilation
(creation) operator of phonon mode k with frequency
νk and coupling strength gk [24, 46–48]. The electron–
phonon coupling is characterised by the spectral density
J(ν) =
∑
k |gk|2δ(ν − νk) = αν3 exp(−ν2/ν2c ) [24], with
coupling strength α and cut-off frequency νc that is in-
versely proportional to the exciton size [24], and which
sets the timescale of lattice relaxation. Coupling to the
electromagnetic field in the dipole and rotating wave ap-
proximations takes the form HS−em = ~
∑
l hlσ
†al+h.c.,
where al (a
†
l ) is the annihilation (creation) operator
for mode l of the field, with frequency ωl and cou-
pling strength hl. We assume the spectral density of
the optical field varies slowly over the relevant energy
scales of the system, allowing us to use the flat function∑
l |hl|2δ(ω − ωl) ≈ 2Γ/pi, where Γ is again the sponta-
neous emission rate. Free evolution of the environments
is described by HB = ~
∑
k νkb
†
kbk + ~
∑
l ωla
†
l al.
To account for the electron–phonon coupling we make
use of the variational polaron transformation [22, 24, 37]
defined by the unitary U = |g〉〈g| + |e〉〈e|B+, where
B± = exp[±
∑
k fk(b
†
k − bk)/νk]. This leads to a QD
state dependent displacement of the phonon environ-
ment, where the fk are chosen to minimise the Feynman-
Bogoliubov bound on the free energy, defining an opti-
mised basis in which perturbation theory can then be
applied. In the variational polaron frame we derive a
second order Born-Markov master equation, which is
valid for both strong and weak exciton–phonon cou-
pling, as well as from weak to strong laser driving
strengths. For real Ω, this may be written compactly
as ρ˙V = −(i/~) [Hr, ρV ] +Kph[ρV ] + ΓLσ[ρV ], where ρV
is the reduced density operator of the QD in the varia-
tional frame and the renormalised system Hamiltonian is
Hr = ~δrσ†σ + (~Ωr/2)(σ† + σ), with δr and Ωr defined
below. The phonon dissipator is
Kph[ρV ] =− [σ†σ, ζzρV ]− Ω
2
4
(
[σx, χxρV ] + [σy, χyρV ]
)
+
iΩ
2
(
[σy,ΞzρV ]− [σ†σ,ΞyρV ]
)
+ h.c. (9)
7where the rates are contained in the system operators
χα =
∑
jk
σijα
∫ ∞
0
dτeiλjkτΛxx(τ) |ψj〉〈ψk| , (10)
Ξα = i
∑
jk
σijα
∫ ∞
0
dτeiλjkτΛyz(τ) |ψj〉〈ψk| , (11)
ζα = i
∑
jk
σijα
∫ ∞
0
dτeiλjkτΛzz(τ) |ψj〉〈ψk| , (12)
which are written in terms of the phonon correla-
tion functions Λxx(τ) = (B
2/2)(eκ(τ) + e−κ(τ) − 2)
and Λyy(τ) = (B
2/2)(eκ(τ) − e−κ(τ)) with κ(τ) =∫∞
0
dωJ(ω)F (ω)2ω−2(coth(~βω/2) cos(ωτ) − i sin(ωτ)),
and Λyz(τ) = −2B
∫∞
0
dωJ(ω)ω−1F (ω)(1 −
F (ω))(coth(~βω/2) sin(ωτ) + i cos(ωτ)) and Λzz(τ) =
−2B ∫∞
0
dωJ(ω)(1 − F (ω))2(coth(~βω/2) cos(ωτ) −
i sin(ωτ)). The eigenstates of the renormalised system
Hamiltonian satisfy Hr|ψj〉 = ψj |ψj〉, and we have
defined ~λjk = ψj − ψk and σjkα = 〈ψj |σα|ψk〉. In the
above the displacement operator thermal average is B =
〈B±〉 = exp [− 12
∫∞
0
dωω−2F (ω)2J(ω) coth (~βω/2)]
where F (ω) is the variationally determined mode dis-
placement defined in the supplementary information.
The renormalised detuning and Rabi frequency are
δr = δ +
∫∞
0
dωJ(ω)ω−1F (ω)(F (ω)− 2) and Ωr = ΩB.
We note that in the variational frame the dipole opera-
tor carries a displacement operator, such that σ → B−σ.
This displacement operator leads to a phonon sideband,
a consequence of non-Markovian lattice relaxation
during the emission process [23, 40, 41, 49]. Includ-
ing this effect, the field emitted by the QD becomes
E(t) = E0(t) −
√
2Γ/piB−(t)σ(t), and we obtain a
modification to the quadrature variance, which becomes
[cf. Eq. (2)] :∆X(φ)2: = 1− |2P − 1| − 4B2Pcoh, with B
defined above.
Data availability
The data that support the findings of this study
are available from the corresponding authors upon
reasonable request.
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9SUPPLEMENTARY INFORMATION
In this supplement we give further details of the theoretical methods used in the main manuscript, as well as
exploring the effect of additional non-phonon induced dephasing, and emitted field Wigner functions.
VARIATIONAL POLARON TRANSFORMATION
The starting point for our quantum dot model is a Hamiltonian describing a two level system (TLS) with ground
and excited states |g〉 and |e〉 respectively, driven by a classical laser field with frequency ωl and Rabi frequency Ω.
As introduced in the main text we have,
H = ~δσ†σ +
~Ω
2
σx + ~σ†σ
∑
k
gk(b
†
k + bk) + ~
∑
m
(
hmσ
†ameiωlt + h.c.
)
+
∑
k
~ωkb†kbk +
∑
m
~νma†mam, (13)
where σ = |g〉〈e| and σx = σ+ σ†. The Hamiltonian is written in a frame rotating with respect to the laser frequency
ωl and in the rotating wave approximation, with the laser and QD transition detuned by δ = ωX − ωl. To model
the dynamics of the TLS, we apply the variational polaron transformation to the above Hamiltonian, allowing us to
derive a master equation valid outside of the weak electron-phonon coupling regime [1–3]. The variational polaron
transformation is given by the state dependent displacement operator
UV = |g〉〈g|+ |e〉〈e|B+, (14)
where B± = exp
[±∑k fk(b†k− bk)/ωk] is a multi-mode displacement operator, and fk is a parameter which we shall
use to variationally optimise the transformation in the next section.
Applying this transformation to the initial Hamiltonian yields HV = UVHU†V = Hr + HemI + HphI + HB , where
Hr = ~δrσ†σ+ (~Ωr/2)σx, and HB = HemB +H
ph
B , with H
ph
B = ~
∑
k ωkb
†
kbk and H
em
B = ~
∑
m νma
†
mam. Notice that
we have introduced the renormalised detuning δr = δ + R, with R =
∑
k ν
−1
k fk(fk − 2gk), and renormalised driving
strength Ωr = ΩB, where B = 〈B±〉HB = trB(B±ρphB ) is the expectation value of the displacement operator with
respect to the thermal state ρphB = exp
(− βHphB )/ trB [ exp(−βHphB )] with β = 1/kBT the inverse temperature. The
transformed interaction Hamiltonians read
HphI =
~Ω
2
(σxBx + σyBy) + ~σ†σBz and HemI = ~
∑
m
hmσ
†B+ameiωlt + h.c. (15)
where Bx = (B+ +B−−2B)/2, By = i(B+−B−)/2, and Bz =
∑
k(gk−fk)(b†k+bk). Notice that the electron–phonon
interaction now contains a mixture of displacement operators and linear coupling. In the next section we outline how
the variational principle can be used to specify the contribution of each of these terms.
Minimising the free energy
As mentioned above, we now choose the displacement such that the transformed Hamiltonian minimises the free
energy of the system. We do so by minimising the Feynman–Bogliubov upper bound on the free energy [3], that is:
AB = − 1
β
ln
[
tr(e−βH0)
]
+ 〈HphI 〉H0 +O
(〈H2I 〉H0) ,
where H0 = Hr + HB . This procedure allows us to derive a master equation which is valid over a broad range of
parameters, and does not suffer from the same pathologies as standard polaron theory (see Refs. [2] and [3] for a
detailed discussion). Thus, minimising AB with respect to fk, we obtain the expression
∂AB
∂fk
=
1
tr [e−βH0 ]
tr
[
∂H0
∂fk
e−βH0
]
= 0. (16)
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Solving this equation, and substituting the minimised displacements into the expressions for the renormalised system
parameters, we find that in the continuum limit we have:
Ωr = ΩB = Ω exp
(
−1
2
∫ ∞
0
J(ω)F 2(ω)
ω2
coth
(
~βω
2
)
dω
)
and δr = δ +
∫ ∞
0
J(ω)F (ω)
ω
(2− F (ω))dω, (17)
where we have introduced the phonon spectral density J(ω) =
∑
k g
2
kδ(ω − ωk) and the variational function:
F (ω) =
ηr − δr tanh (~βηr/2)
ηr − tanh (~βηr/2)
(
δr − Ω2r2ω coth (~βω/2)
) . (18)
Here ηr =
√
δ2r + Ω
2
r is the renormalised generalised Rabi frequency. These equations can be solved self-consistently
to find the renormalised parameters that minimise the Feynman–Bogliubov free energy.
VARIATIONAL MASTER EQUATION
To describe the dynamics of the reduced state of the TLS, ρV (t), we shall treat the interaction Hamiltonian
HI = H
em
I + H
ph
I to second order using a Born-Markov master equation in the variational polaron frame, which in
the interaction picture takes the form [4]:
∂ρ˜V (t)
∂t
= − 1
~2
∞∫
0
dτ trB
[
HI(t),
[
HI(t− τ), ρ˜V (t)⊗ ρemB ⊗ ρphB
]]
, (19)
where in the Born approximation we factorise the environmental density operators in the variational polaron frame
such that they remain static throughout the evolution of the system. Note that correlations may be generated between
the system and the phonon environment in the original representation. We shall assume that in the variational polaron
frame the phonon environment remains in the thermal state defined above, while the electromagnetic environment
remains in its vacuum state ρemB =
⊗
m |0m〉〈0m|. Since the trace over the chosen states of the environments removes
terms linear in creation and annihilation operators, we may split the master equation into two separate contributions
corresponding to the phonon and photon baths respectively [5],
∂ρ˜V (t)
∂t
= Kph[ρ˜V (t)] +Kem[ρ˜V (t)]. (20)
In the subsequent sections we shall analyse each of these contributions in turn.
Phonon contribution
To derive the contribution from the phonon environment, we follow Ref. [1]. We start by transforming into the
interaction picture with respect to the Hamiltonian H0 =
~δr
2 σz +
~Ωr
2 σx +
~R
2 1 + ~
∑
k νkb
†
kbk + ~
∑
m ωma
†
mam.
Using this transformation, the interaction Hamiltonian takes the form:
HphI =
~Ω
2
(σx(t)Bx(t) + σy(t)By(t)) + ~σ†σ(t)Bz(t). (21)
Here Bx(t) =
1
2 (B+(t) +B−(t)− 2B), By(t) = i2 (B+(t)−B−(t)), and Bz(t) =
∑
k(gk− fk)(bke−iνkt + b†keiνkt), where
B±(t) = exp[±
∑
k
fk
νk
(b†ke
iνkt−bke−iνkt)]. The system operators can be formally written in the interaction picture as:
σα(t) =
∑
jk σ
jk
α e
iλjkt|ψj〉〈ψk|, where |ψj〉 are the eigenstates of the system Hamiltonian satisfying HS |ψj〉 = ψj |ψj〉,
λjk = ψj−ψk, and σijα = 〈ψi|σα|ψj〉 with α ∈ {x, y, z}. Using these expressions and moving back into the Schro¨dinger
picture we arrive at the form of Kph given in the main text.
Photon contribution
We now focus on the interaction between the electromagnetic field and the TLS. The interaction picture Hamiltonian
for the field may be written as HemI = σ
†(t)eiωltB+(t)A(t) + h.c., where A(t) = ~
∑
m hmame
−iωmt and B+(t) is as
11
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FIG. 4. Normalised quadrature variance calculated using our full phonon model without (orange, solid curves), and with (red,
dashed curves) additional non-phonon induced pure-dephasing.
given in the previous section. If we consider the interaction picture transformation for the system operators we have
σ(t)e−iωlt = exp
[
i
(
δr
2
σz +
Ωr
2
σx
)
t
]
σ exp
[
−i
(
δr
2
σz +
Ωr
2
σx
)
t
]
≈ σe−iωXt, (22)
where we have used the fact that ωl  Ωr, δr for typical solid-state emitters to simplify the interaction picture
transformation [1, 6]. By substituting this expression into the photon contribution of the master equation and
recalling that all modes of the field are in their vacuum state, we have
Kem[ρ˜V (t)] = − 1~2
∞∫
0
dτ trB [H
em
I (t), [H
em
I (t− τ), ρ˜V (t)⊗ ρemB ]] = γ(ωX)
(
σρ˜V (t)σ
† − (1/2){σ†σ, ρ˜V (t)}) , (23)
where the spontaneous emission rate is given by [1, 7, 8]
γ(ωX) = Re
[∫ ∞
0
eiωXτG(τ)Λ(τ)dτ
]
. (24)
Here Λ(τ) =
∫∞
0
dωJem(ω)e
iωτ , with Jem(ω) =
∑
m |fm|2δ(ω − ωm) being the spectral density of the electromagnetic
environment, and G(τ) is a phonon correlation function given by
G(τ) = B2exp
[ ∫ ∞
0
J(ω)F (ω)2
ω2
(
coth(~βω/2) cosωτ + i sinωt
)
dν
]
. (25)
As discussed in the manuscript, the local density of states of the electromagnetic field does not vary appreciably over
energy scales relevant to QD systems in bulk, which allows us to make the assumption that the spectral density is
flat [1, 6], Jem(ω) ≈ 2Γ/pi. The electromagnetic correlation function may then be evaluated as Λ(τ) ≈ Γδ(ω)+iP[1/τ ],
where P denotes the principal value integral. Combining these expressions and resolving the remaining integral, we
find that the spontaneous emission rate takes on the form γ(ωX) ≈ Γ, where we have used the fact that G(0) = 1,
such that in the Schro¨dinger picture we have
Kem[ρV (t)] = ΓLσ [ρV (t)] = Γ
(
σρV (t)σ
† − (1/2){σ†σ, ρ˜V (t)}) . (26)
Although for a flat optical spectral density the variational polaron transformation does not alter the spontaneous
emission rate, it does directly influence the first-order correlation function, and therefore the emission spectrum of
the system. As discussed in detail in Refs. [9, 10], when calculated in the variational polaron frame, the steady-state
first-order correlation function takes the form,
g(1)(τ) = G(τ)〈σ†(τ)σ〉V , (27)
where the first factor is the phonon correlation function, which leads to the emergence of a non-Markovian phonon
sideband in the emission spectrum [7–10]. The second term is the first-order correlation function calculated in
the variational polaron frame, and describes pure optical emission processes from the TLS. The phonon sideband
contribution is particularly important for the coherent scattered power, which is given by the long-time limit of
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FIG. 5. Wigner functions for the vacuum state a), and three squeezed states generated in resonance fluorescence; on resonance
and with weak driving b), and off resonant with strong driving c) and d). In cases c) and d) the squeezing occurs due to
thermalisation, and can attain levels greater than in case b). Parameters as in all figures in the main text.
Eq. (27). That is, we have Pcoh = limτ→∞ g(1)(τ) = |〈σ〉|2 = B2|〈σ〉V |2, with the prefactor B2 acting to decrease the
overall fraction of coherently scattered light [9].
Additional dephasing effects
Our model described above includes spontaneous emission processes and effects caused by coupling to longitudinal
acoustic phonons, which can be of both dephasing and dissipation in nature. The phonon enhanced coherent scattering
and associated squeezing processes described in the main text take place in a regime where the phonon effects included
in the phonon dissipator Kph dominate. As such, the emergence of the phonon enhanced regime is robust against
other (non-phonon induced) dephasing processes that are weak or moderate compared to the spontaneous emission
rate. These additional dephasing processes, may be caused, for example, by charge fluctuations.
To demonstrate the robust nature of the phonon enhanced squeezing regime, in Fig. (4) we show a version of
Fig. (2) of the main text, which plots the normally ordered quadrature variance as a function of driving strength. The
solid orange line is our theory including phonons and spontaneous emission but without additional pure-dephasing
(identical to the solid orange curve in the main text), and the dashed red curve shows the effect of also including
pure-dephasing, which we achieve by adding a term γ(σ†σρV σ†σ− (1/2){σ†σ, ρV }) to the Schro¨dinger picture master
equation, with the dephasing rate γ here equal to the spontaneous emission rate Γ. Interestingly, we see that this
amount of pure-dephasing is sufficient to completely eliminate the squeezing below saturation that occurs in the
absence of phonons, but the squeezing remains in the above saturation regime, with a magnitude nearly equal to that
in its absence.
EMITTED FILED WIGNER FUNCTIONS
In order to elucidate the nature of the squeezed states of light produced, we can consider the emitted field Wigner
function defined as W(x, p) = pi−1 ∫∞−∞〈x+ y|ρem|x− y〉 exp[−2ipy]dy, where ρem is the state of the field. Following
Ref. [12] we use the correspondence between the field operators and QD operators to associate the QD excited state
|e〉 with the first field Fock state |1〉 and the QD ground state |g〉 with the field vacuum |0〉, such that ρem =∑
n,m=0,1(ρV )nm|n〉〈m|. In doing so, we expectW(x, p) to provide a qualitative representation of the electromagnetic
field Wigner function for a class of measurements [11].
In Fig. 5 we show Wigner functions for the vacuum a), the squeezed state generated in the weak resonant excitation
regime below saturation b), and the squeezed states generated only in the presence of phonons above saturation for
off-resonant driving c) and d). Interestingly, in the resonant case b), although the state generated is strictly speaking
non-Gaussian, its Wigner function is nevertheless positive everywhere, and is not significantly dissimilar from a truly
Gaussian displaced squeezed vacuum state [13]. However, in cases c) and d) the non-Gaussian nature of the field
is quite apparent, with the Wigner functions taking on substantial negative values associated with non-classicality.
Thus, in this regime a highly non-classical, quadrature squeezed and antibunched state is produced.
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FIG. 1. (a) Experimental setup to measure phase shifts due to a quantum dot inside a micropillar cavity. |H/V i denotes
horizontally/vertically polarised light. A variable delay ⌧ can be used to measure the intensity autocorrelation function shown
in (c) of the light scattered into vertical polarisation. Abbreviations: (P)BS - (Polarising) Beamsplitter. (b) The nuclear spin
state | i a↵ects the electronic transition energy and thereby the phase shift incurred by a right circularly polarised photon
|Ri. This phase shift results in a polarisation rotation of linearly polarised light. Shown in grey is the detuned |#i $ |+i
transition. (c) Cross-polarised optical intensity autorrelation function for di↵erent average photon count rates obtained from
a Monte-Carlo simulation of 8 nuclear spins. While the quadratic behaviour characteristic of unitary evolution is observed
for low count rates, the evolution of the nuclear spins is impeded by more frequent photon scattering, which constitutes a
quantum Zeno e↵ect. Parameters Ak and !k were randomly drawn from a Gaussian distribution with hAki = h!ki = 0.5 µeV,
 (Ak) = 0.25µeV, and  (!k) = 10neV.
II. INPUT–OUTPUT TREATMENT
INCLUDING NUCLEAR SPIN COUPLING
Our aim is to calculate the optical intensity autocor-
relation g(2)(⌧) for photons scattered o↵ the QD-cavity
system which incorporates the nuclear spin environment,
and which we achieve using an extended input-output
formalism [23, 33, 34]. We consider a continuum of opti-
cal modes described by annihilation operators bˆ(!) prop-
agating towards and away from an optical cavity of reso-
nance frequency !c and associated cavity mode operator
aˆ. This cavity mode, in turn, couples to a two-level sys-
tem (TLS) with ground and excited states |"i and |*i,
respectively, which itself is coupled to an environment of
nuclear spins. The total Hamiltonian describing all de-
grees of freedom can be written H = H0+HI where (we
set ~ = 1)
H0 =
1
2
!0 
z + !caˆ
†aˆ+
Z 1
0
d! !bˆ†(!)bˆ(!) +HZ , (1)
HI = g
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+
Z 1
0
d!g(!)
⇣
bˆ(!)aˆ† + bˆ†(!)aˆ
⌘
+HO, (2)
where  z = |*ih*|  |"ih"|,    = |"ih*|,  + = |*ih"|, !0 is
the transition energy of the TLS, and g is the TLS–cavity
coupling strength. The nuclear Zeeman term is HZ =P
j !jI
z
j , with Pauli z operator I
z
j acting on nuclear spin
j and nuclear Zeeman splitting !j due to and external
magnetic field along zˆ. The electron–nuclear coupling
term is given by HO =
1
2 
z ˆ, with Overhauser shift
operator
 ˆ =
X
j
AjI
z
j +
1
2!
X
m 6=n
AmAnI
+
mI
 
n , (3)
results from a Schrie↵er-Wol↵ transformation performed
on the contact hyperfine interaction [35]. Note that while
the contact hyperfine interaction considers two electron
spin states |"i , |#i, we focus here on one of these ground
states, arbitrarily labelled |"i. Neglecting the other spin
state |#i is justified in a large (& 100 mT) magnetic field,
where energy conservation prevents flip-flops between the
electron spin states. Hence the operators  z and  ± refer
to ground and excited states of a TLS and not spin states.
We approximate the cavity–port mode coupling
strength as a constant g(!) =
p
 at the relevant optical
frequencies, and in doing so we find that the Heisenberg
equations read
 ˙ (t)= ig aˆ(t) z(t)  i
⇣
!0 +  ˆ(t)
⌘
  (t), (4a)
i a˙(t)= (!c   i⇡)a(t) + g  (t) +
p
 bin(t), (4b)
2⇡i
p
 aˆ(t)= bˆin(t)  bˆout(t), (4c)
where we have defined the incoming and outgoing field
operators as bˆin(t) =
R
d! b0(!) exp( i!t) with b0(!) ⌘
bˆ(!, t0), and bˆout(t) =
R
d! b1(!) exp( i!t) with b1(!) ⌘
bˆ(!, t1) [34], and extended frequency integrals such thatR1
0
d! ! R1 1 d! ⌘ R d!. Taking the Fourier transform
of Eq. (4b) we find
(!   !c + i⇡) a(!) = g  (!) +
p
b0(!), (5)
where   (t) =
R
d!   (!)e i!t and similarly for aˆ(t).
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FIG. 1. (a) Experimental setup to measure phase shifts due to a quantum dot inside a micropillar cavity. |H/V i denotes
horizontally/vertically polarised light. A variable delay ⌧ can be used to measure the intensity autocorrelation function shown
in (c) of the light scattered into vertical polarisatio . Abbreviations: (P)BS - (Polarising) Beamsplitter. (b) The nuclear spin
state | i a↵ects the electronic tra sition energy and thereby the phase shift incurred by a right circularly polarised photon
|Ri. This phase shift results in a polarisation rotation of linearly polarised light. Shown in grey is the detuned |#i $ |+i
transition. (c) Cross-polarised optical intensity autorrelation function for di↵erent average photon count rates obtained from
a Monte-Carlo simulation of 8 nuclear spins. While the quadratic behaviour characteristic of unitary evolution is observed
for low count rates, the evolution of the nuclear spins is impeded by more frequent photon scattering, which constitutes a
quantum Zeno e↵ect. Parameters Ak and !k were randomly drawn from a Gaussian distribution with hAki = h!ki = 0.5 µeV,
 (Ak) = 0.25µeV, and  (!k) = 10neV.
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z
j acting on nuclear spin
j and nuclear Zeeman splitting !j due to and external
magnetic field along zˆ. The electron–nuclear coupling
term is given by HO =
1
2 
z ˆ, with Overhauser shift
op rator
 ˆ =
X
j
AjI
z
j +
1
2!
X
m 6=n
AmAnI
+
mI
 
n , (3)
results from a Schrie↵er-Wol↵ transformation performed
on the contact hyperfine interaction [35]. Note that while
the contact hyperfine interaction considers two electron
spin states |"i , |#i, we focus here on one of these ground
states, arbitrarily labelled |"i. Neglecting the other spin
state |#i is justified in a large (& 100 mT) magnetic field,
where energy conservation prevents flip-flops between the
electron spin states. Hence the operators  z and  ± refer
to ground and excited states of a TLS and not spin states.
We approximate the cavity–port mode coupling
strength as a constant g(!) =
p
 at the relevant optical
frequencies, and in doing so we find that the Heisenberg
equations read
 ˙ (t)= ig aˆ(t) z(t)  i
⇣
!0 +  ˆ(t)
⌘
  (t), (4a)
i a˙(t)= (!c   i⇡)a(t) + g  (t) +
p
 bin(t), (4b)
2⇡i
p
 aˆ(t)= bˆin(t)  bˆout(t), (4c)
where we have defined the incoming and outgoing field
operators as bˆin(t) =
R
d! b0(!) exp( i!t) with b0(!) ⌘
bˆ(!, t0), and bˆout(t) =
R
d! b1(!) exp( i!t) with b1(!) ⌘
bˆ(!, t1) [34], and extended frequency integrals such thatR1
0
d! ! R1 1 d! ⌘ R d!. Taking the Fourier transform
of Eq. (4b) we find
(!   !c + i⇡) a(!) = g  (!) +
p
b0(!), (5)
where   (t) =
R
d!   (!)e i!t and similarly for aˆ(t).
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FIG. 6. Mach-Zehnder interferometer used in the phase estimation protocol, showing two 50/50 beamsplitters which separate
and recombine two arms with a path length difference parameterised by Θ.
PHASE ESTIMATION WITH RESONANCE FLUORESCENCE
We now give details of the calculations for the phase estimation protocol d scribed in the main text. T e setup
considered is shown in Fig. 6, and is a Mach–Zehnder interferometer with path length difference parameterised by an
angle Θ. The second arm is illuminated by a coherent state |α〉 = exp[αa†2 − α∗a2]|0〉 with |vac〉 the vacuum and a2
the annihilation operator for the second arm. The first arm is illuminated by some other state ρin, which we will take
to be either resonance fluorescence light, or a single mode squeezed vacuum state. We consider an estimator based
on the difference in intensities at the two outputs, which has corresponding dimensionless operator N− = N1 − N2
with N1 and N2 the number operators for the output modes 1 and 2, and as such seek to analyse the variance in this
quantity, ∆N− = 〈N2−〉 − 〈N−〉2.
To proceed we write the output number operators as N1 = E
(−)
1 (t)E
(+)
1 (t) with E
(+)
1 (t) the positive frequency
component of the electric field operator in arm 1, and similarly for arm 2. Working in the Heisenberg picture, we can
relate these operators at the outputs to those at the inputs using(
E
(+)
1 (t)
E
(+)
2 (t)
)
=
1
2
(
E
(+)
− (0) + E
(+)
+ (Θ)
iE
(+)
− (0)− iE(+)+ (Θ)
)
, (28)
where E
(+)
± (Θ) = E
(+)
in (Θ) ± iE(+)α (Θ), with E(+)in (Θ) the positive frequency component of the electric field at the
first input arm illuminated by the state ρin, propagated by the path difference parameter angle Θ, while E
(+)
α (Θ) is
the corresponding quantity at the second input arm illuminated by the coherent state |α〉. Using these relations we
straightforwardly find N− = (1/2)[E
(−)
− (0)E
(+)
+ (Θ) + E
(−)
+ (Θ)E
(+)
− (0)] and
N2− =
1
4
[
E
(−)
− (0)E
(+)
+ (Θ)E
(−)
+ (Θ)E
(+)
− (0) + E
(−)
+ (Θ)E
(+)
− (0)E
(−)
− (0)E
(+)
+ (Θ)
+E
(−)
− (0)E
(+)
+ (Θ)E
(−)
− (0)E
(+)
+ (Θ) + E
(−)
+ (Θ)E
(+)
− (0)E
(−)
+ (Θ)E
(+)
− (0)
]
, (29)
and where at this stage we have made no assumptions about the state of the field or the path length difference Θ.
The second arm is illuminated by a single mode coherent state. As such, when expectation values are taken,
all other modes do not contribute, and neglecti g constants we can therefore write the dimensionless lectric field
operator as E
(+)
α (Θ) = E
(+)
α (0)e−iΘ = a2e−iΘ A similar argument holds when the first arm is illuminated by the
single mode squeezed vacuum. In the resonance fluorescence case the situation is more subtle. Omitting the free
field (vacuum) contribution, and again dropping constants, we have E
(+)
in (Θ) = σl(τΘ), where the subscript signifies
a ‘lab’-frame (non-rotating) operator and τΘ is the time delay corresponding to the phase shift Θ. In the multimode
resonance fluorescence case it is not obvious that a time delay gives rise to simple phase factor on the electric field
operators. However, since we work in a rotating frame, we can write σl(τΘ) = σ(τΘ)e
−iτΘωl where σ is the rotating
frame dipole operator and ωl is the driving laser frequency. If we are interested in delays τΘ that give rise to phase
shifts Θ = τΘωl ≈ pi, this corresponds to τΘ ∼ fs for ωl ∼ 1 eV. Over these very short times the rotating frame
operator σ does not significantly change, and we can write E
(+)
in (Θ) = E
(+)
in (0)e
−iΘ = σ(0)e−iΘ.
Putting these results together, in the case of the squeezed vacuum input, for which we have ρin = |ξ〉〈ξ| with
|ξ〉 = exp[ξa21 − ξ∗a†21 ]|vac〉, we find
〈N−〉 = cos Θ(Pξ − Pα), (30)
with Pξ = sinh
2 |ξ| the (dimensionless) power in the squeezed vacuum state, and Pα = |α|2 he p wer in the coherent
14
state. The variance in the difference in photon number for this input state is
∆N2− = Pα+Pξ
(
Pξ + (3/2)
)
+ Pα
(
Pξ +
√
Pξ(Pξ + 1) cos ∆φ
)
+ cos(2Θ)
[
Pξ
(
Pξ + (1/2)
)− Pα(Pξ +√Pξ(Pξ + 1) cos ∆φ)], (31)
where we have written α = |α|eiφα and ξ = |ξ|e−iφξ and ∆φ = 2φα − φξ. This expression is minimised for Θ = pi/2
and ∆φ = pi, at which point we have
∆N2− = Pξ + Pα
(
1 + 2Pξ − 2
√
Pξ(Pξ + 1)
)
= Pξ + Pαe
−2|ξ|, (32)
as is given in the main text, and known previously for the work of Caves [14].
In the resonance fluorescence case we use Θ = pi/2 to facilitate a far comparison, and now find
∆N2− = P + Pα(1− 4Pcoh cos2 ∆φ), (33)
where now P = 〈σ†σ〉 is the (dimensionless) power in the resonance fluorescence field, and we have written 〈σ〉 =
|〈σ〉|e−iφ = Pcohe−iφ with φ the dipole phase in the steady-state and ∆φ = φα − φ. In this case the minimum
corresponds to ∆φ = 0, and with this substitution we arrive at the expression for the variance given in the main text.
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